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On Certain Metrical Properties of Surfaces^ 

By Thomas Craig, Johns Hophins University. 



First consider a surface in a space of w + 1 dimensions. For brevity in 
speaking of spaces of any number of dimensions I shall use the symbol (com- 
monly employed) M^^i] this is taken to denote a space of n-\-l dimensions. 
A surface in il^+i is understood to be expressed by a single relation between 
the n -\- 1 coordinates which determine the position of a point in il^+i. De- 
noting these coordinates by x^, where * = 1, 2, 3 . . . w + l, the equation 

<J> (cCi £Cg . . . Xn + i) = 

is the equation of an %-dimensional surface in J^+i. Since we have one re- 
lation connecting the n-\- 1 quantities Xi, each of these may be given as a func- 
tion of w independent variables UiU^ . . . u^. 

Denote by a'jp the differential coefficient of cc^ with respect to %, then 

dxi = a^i^chti + af^ckb^ + . . . + (i-n^^n 5 
also denote by aj|' the second differential coefficient of x^ with respect to u^ and 
%, then 

For the element of length ds of a curve traced on O = , we have then 

<fe2 —'"^^afdv^ + 2a«'cfe| + . . . + Xa^S^K 

+ 2Xa^i^a^i^dtiidu2 -\- . . . + 2Xa^nLia!^^dUn-idUn . 

The limits of the summation have only been written once, as they are of 
course the same for every term. For brevity, write 
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then for ds we have 

ds^ =. E-iydu\ + E-isjduydu^ + . . . + Ej^du^duj, + . . . -\- E^ 
From the quantities af^ form the determinants of which 



.ctu„ . 



a® 



a; 



■if 

(3) 



ai"+i^ 



a\ 



(n + V) 



■,&) 



a. 



(S) 



a: 



(«+i) 



= A 



is the first. There will be n-\-l of these determinants each of the degree n ; 
squaring these and adding, we obtain, as is well known, a symmetrical deter- 
minant of the degree n, viz. 



V' = ^Al = 



Ell -^12 -^13 • 
-^21 -5^22 -^23 • 
-^31 -^32 -^38 • 






^2« 










^nl ^ni -S«3 • 






Enn 



of course Ei^ = ^^^ . 

The differential equation of the surface ^ = can now be written as 
Aidxri + A^dx^ + . . . + A^^xdxnJ^i = . 
The direction-cosines of the normal to this surface at any point are 



«! , ttg , 



<*« + l ■ 



Y ■ • • • V 

The element of area of the surface (as will be shown hereafter) is 

dS = Vduiduc), . . . dUn , 

or by virtue of the above relations, 

djS= {aiAi + a^A^ + . . . + a„+i J-^+i) 11 dut • 
Suppose we have now a second surface 

connected with the first by the relations 

Vi =ft {^1^ •• •»»+!) i = l, 2. . .n + 1. 

Denote by /?i, (3^, . . . ^n+i the direction-cosines of the normal to this 
second surface, and by jBj, B^ . . . B^+i what the determinants A^, of the first 
surface become for the second surface ; then writing 

U' = &i + Bl-\- . . . +5i+i 
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we have 

and for the element of area 



B — ^ 

Pi— jj 



+ (^n + lBn + l)'ndUi 



The ratio between the elements of area dS and dX is 

dl _ U 

'dS ~ V' 

Now Fmay obviously be written in the form 



F= 



Ol 


aa 


o-s . 


• • ^n + l 


dxi 


dxz 


Cfog 


dXn + l 


dui 


dux 


dux 


dux 


dxi 


dX2 


dx^ 


dXn + 1 


du^ 


duz 


dU2 


duz 


dxi 


dx^ 


d^s 


dx'n + l 


du„, 


dUn 


dun 


du„. 



and similarly, denoting by (-r^) the quantity 



\du^/ 

dyi dxt . d^ dx^ 
dxy du/c dx2 du^ 



+ 



dyi dxn+i 



dx; 



n+l 



dui. 



we may write 



U = 



A- 



P. 



/?3 



/^\ /^y%\ / dy^\ 

\dui/ \duxJ \duiJ 

/^\ (^\ /%8\ 

Kdu^J \dv^J \duzJ ' 



Pn + l 
dyn + ] 



/ dyn + i \ 

\ dui / 

/ dyn+i \ 

' \ duz J 



/dyi\ f^\ f^\ / dyn+i \ 

\dUnJ \dUnJ \dUnJ ' ' ' ' \ ^^^ J 

The direction-cosines of the lines of intersection of the surfaces u taken 
n — 1 at a time with the surface ^ are 

1 dxi 1 cfoj 1 dxn+i 

V^ii dui sTE^ dui ' • ' • ' a/ Ell dill 
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and so for the remaining cases. At the common point of intersection of these 
lines, the normal (a) is at right angles to them all, and so 

OjXfi -|- 1 



du.^ 
Also af + a| + . 



dxx , dxa , 



+ a. 



= 0, i= i, 2 



. n . 



U= 



'" + 1 du, 
The determinant CTmay then be replaced by 





Pi Pa .... Pn + l! 

(^) (P) ■■■■ C^)^ '^si^ 

\dui/ \dui/ \ dui / 1 dui 

•nJ \dUnJ ' '.' ' \ dUn /' ^ du^ 



\du, 



'H-i dy^ dy^ 

X dxi dxi 



Xai 



dy„+i 
dxi 



2al 



This is however the product of two determinants, viz. 

dyi dyx 



U= 



10 . . . . 

dx^ dx^ dxn+i 
dux du^ ' • • • fj^y^ 




dxi dx^ dxn+i 

dUn dUn ' ' ' ' dUn 

ai aa .... a«+i 



/?a 



dxi^ 
dy% 
dxi 



dx2 

dy% 
dx2 



dyi 
dyz 



l^n + l 





dyn + 1 dyn+i 



dxi 



dx2 
o-a 



dyn+i 

dXn + l 
*«. + ! 



The first of these is however equal to V, so we find for the ratio of the 
corresponding elements of area on the two surfaces, 

dyt dyi dy^ 

dxi dx2 

dyz dy^ 

dxi dx^ 



dS 



V 



/3i 



Pn + l 





dy, 



W + i 



dyr, 



+ 1 



dxi 



aa 



dXn + l 
%3 



Ctit/Ti 



+ 1 



dy, 



n+l 



ClX'jfi^l 



or say for brevity. 



da __ U_ j^ 
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This is rather an interesting formula, and one which I have not been able 
to find given anywhere else ; I actually obtained it first for three dimensions, but 
the generalization was obvious and attended with no difficulty, so for the purposes 
of another part of the paper I prefer to give it in this form at once. If we 
denote by a>i, ccg, x^ the coordinates of a point on an ordinary surface, and by 
2/1 > 2^2) 2/3 the coordinates of the corresponding point on a second surface, we 
have* 



say h. 







A 


%1 


dyi 
cfes 


dyi 


dl' _ 

dS ~ 


u _ 

V ~ 




dx\ 
dys 


%2 

dx2 

dys 


%3 






dxi 


dx^ 


dxz 









«! 


ag 


as 



Suppose the second surface to be a sphere of radius unity, whose radii are 
parallel to the normals at the corresponding point of the first surface. Let the 
first surface be given in the form 

and denote by p and q the first differential coefficients of x^ with respect to 
Xi and tCg ; also as usual write r , s, t for the second differential coefficients of Xg 
with respect to Xi and ccg . 
The second surface is 

2^1 + 2/1 + 2/3 = 1 ; 
this is satisfied by writing 

Y— P. 
^'- Q 

where Q = \/lH-i)^ + 2^ • The ratio between the corresponding elements of 

area on the two surfaces is now 



T— ^ T^ — ~^ 



Q 
— 1 



(1 -l- 9^) ^ — i'ffs (1 -f- 5^) s — pqt 



(1 -\-p^)s — pqr 
pr-^qs 






-pqs 



0, 






ps-\-qt 








— 1 



* Some time after the above had gone to press I was mformed that Neumann had stated this theorem, 
without proof, for space of three duneusions, in "Volume IX of the Mathematische Anncden. — T. C. 
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This reduces to 

p , (1 + g^) r — pqs , (1 + q^) s — pqt 

q, (l+jp*)s — pqr, (1+^^)^ — pqs 

-1 , pr -\- qs , ps -\- qt 

Multiply the first row of the determinant by p, the second by q, and the third 
by — 1 , and add the first two rows to the last : we have then 

1 (l-\-q^)r — pqs, (l-\-^)s — pqt 
^ (1 +jP*)s — pqr, {l-\-p^)t — pqs 
Expanding this we have finally 

or calling B and B' the radii of curvature of the first surface, 

1 



rt — i 



k=z 



BB' 



the measure of curvature, as it should be. The reduction of the determinant in 
the case where the equation of the first surface is in the form 

^{xiX^Xs) = 
is a little more complicated, but attended with no particular difficulty. We of 
course must arrive at Gauss's expression for the measure of curvature in this 
case. The quantities oi , a^, a^ are the direction-cosines "of the normal to the first 
surface at the point (x) , and 13^, ^^, /^g are the direction-cosines of the normal 
to the second surface, or sphere, at the corresponding point (y) ; then 



and of course 



O O O -^1 -^2 -^8 

«! , ttg , ag — Pi, Pa, pg — ^) y f =: 



dS 








yi, 2/2, 


J.1 J.2 

ys=y> y 


v 


•adiu 


s unity. 


Consequently 


A 


d Ai 


d Ai 


d Aj, 


V' 


dxi V 


' dx,' V' 


dxs V 


A 


d Az 


d As 


d J.2 


V' 


dx, V 


dx2 V 


cfes V 


As 


d As 


d As 


d As 


V' 


tfoi V 


dxs' V' 


dXs V 


0, 




V' 


.A 
V 
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The reduction of this to the ordinary form is quite easy. "Write 

cos 02 , cos 63 , 



A.X ^2 ■^% A 



and we have 



k = 



cosOi, — sinOi 
cos 6« , _ — sin 60 



cos $3 , — sin $3 



V 

dd^ 
dxi 
dd, 
dxi 
dOs 
dXi 



dd^ 



sin ^1 -3— ) — sin $1 



sin $9. 



dx2 

dd^ 

dX2 



, COS $1 , 



— sin $9 



— sin ds 
cos 6 



ddi 
dxs 
ddz 
dxz 
dd^ 
dxc. 



3i 



COS ^2 ) 

Multiply the first row by cos B^ > the second by cos 0^ , and the third by cos 63 , 
and add the first and second rows to the third. The third row becomes now 
1 , 0,0, ; interchanging the third and fourth rows, paying attention to all 
the signs, we have 

ddj, ddi 

dxi cfeg 

ddz dd^ 

dxi dxz 

cos 01 cos 0g 



h = 



sin di sin d^ 



cos Or 



ddy, 

ckcs 

dO^ 

doss 

cos 03 



N"ow 



dx 



dui d 
dx dvri 



diJt^ d 



dx dv^ 

changing in the determinant differential coefficients with jespect to x into differ- 
ential coefficients with respect to v^ and %, we have after some easy reductions, 

d cos di d cos Oz d cos d^ d cos ^2 ) ( „ a /^''^i '^^a <^''*i ^'^h^ 

\ dxz dooz 



h 



= -!-] 

cos ^s ( 



V \ cos 01 



dxs, dXi 



) 



dui duz duz dux 

_|_ cos (— ^_^ ^\ _|_ COS (^ dAH_dAH 
^\dxz dxi dxi dx^J ^\dxi dx^ dx^ 



duz 



d\ 



Denote by jEn, E^, E^^ the determinants 



e^xx 


d!>x. 


cPccs 




d^Xi 


^x^ 


cPajg 




d?xx 


(^Xz 


d^Xa 


di4 


di4 


dv^ 




duxdu^ 


duxduz 


duidu^ 




du\ 


di4 


dt^ 


dxi 


dooz 


dxs 




dxi 


dxz 


dxs 




dxi 


dxz 


dxs 


dui 


dui 


dui 




dui 


dui 


dux 




dui 


dux 


dui 


dxi 


dxz 


dics 




dxi 


dxz 


dxs 




dxi 


dxz 


dxs 


duz 


du^ 


dUi 




duz 


duz 


dug 




dU2 


du^ 


dv^ 
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The quantities A^, A^, A3 are the minors of these corresponding to the 
constituents of the first row in each. We find now readily 

d cos Oi 






dcosdt_ d Ai _ 1 rf-p'-p P' rr \ «^^l , / rr' r, „. „ \ dajj T 



dcos ^2 



decs ^3 



^ Az 1 f/^ 77T' 77T IP' 7P \ ^^2 J^ ^ Jp' Jp TP' TP \ ^ 



Substituting these values in the first factor in brackets in the expression for 
k , we have, after easy reductions, for this factor the value 



EJAE^fdx, d^_d^d^\_ EX,-E2 _ . EX,-E, 
V* \dih duz du^ duiJ ^ V* — ^ubi/3 ys 

The remaining factor in brackets becomes obviously 



18 



^l + ^l + ^l 



So finally collecting all the terms we have 
or in the ordinary notation, 



-^11^22 ■ 



V 

■E2 



h — 



E'Q' — F"" 



{EG — F^f 

the well-known form for the measure of curvature. We have, then, the theorem 
that if cos 01 , cos O2 , cos O3 are the direction-cosines of the normal at any point 
X, y , z of a surface, the measure of curvature of the surface at this point is 
given by 

d cos 01 d cos 0x d cos 0i 



k = 



cos $1 : 
COS ^2 
cos 63 ; 





dx 
d cos 02 


dy 
d cos 02 

dy 
d cos ^3 


dz 
d cos 02 


dx 
d cos 0^ 


dz 
d cos 0s 



dx 
COS $1 



dy 
COS d« 



dz 

COS $3 
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or again by 



h = 



sin 01 sin 0^ 
cos 0& 



d0^ 


d0^ 


d0^ 


dx 


dy 


dz 


d02 


d0^ 


dO, 


dx 


dy 


dz 



COS ^x COS ^2 COS 03 



There are of course two other forms similar to this got by advancing the 
suflSxes of Q . The bordered determinant whose value in the general case is K 
may in like manner be shown to be equal to 

V 

Yn + % ' 

where V is the result of accenting all the letters in V just as has been done in 

V 
the case of an ordinary surface and a unit sphere, so that ^^^ 



is the measure of 



curvature of a surface 

^(xiXz . . . 33^^.1) = 

in M^+i, the unit sphere being 

Yi + J g + . . . + Yn + l ^^^^ 1 • 

The correspondence between the surface <I> = and the ?z-dimensional unit 
sphere is of course just the same as in the ordinary case. The direction-cosines 
of the normal to 4> are 

Q ' «'••'• Q 
the subscripts indicating differential coefficients and 



<i=V 



1 



The required correspondence between the surface <i» and the sphere is pro- 
duced by writing 

Y,= 






Consider consecutive points on both surfaces : on the surface <f> these are 
given by 

dxi , , dxi 

Vol. IV. 



(asi, iCg . . . aj^+i), (x^-\--^dMi, x^ -\- -^ dUi . . .J 
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and on the sphere the corresponding consecutive points are 

(F,) and (r,+ ^(^,). 

Consider two other points (^) and (>?) lying in -54+ 1, one near 4> and the other 
near the sphere. Denoting now by G and V the volumes of the small parallel- 
opipedons formed by these two systems of points, we have as is well known 
{vide Beez, MatTiematische Annalen, Vol. YI), 



G = 



dui dui 

dxi dx2 

dv^- dijt^ 



t,n + l 33« + 1 

dXn + 1 

dUi 

d^n + X 

du^ 



dxi 

dUn 



dX2 

du„. 



Cf/UJ'yi 



+1 



du„ 



uduf, r= 



m—yi, m—ya 



dyi 


dy^ 


dui 


dux 


dyi 


dy% 


du^ 


du.^ 


dyx 


dy% 


du„. 


du„ 



Vn + l 2/«+l 
dy n + 1 

dui 

dyn+i 

du. 



dyn+i 
du„. 



tidUi 
1 



The minors of these determinants corresponding to (^ — x) in the one and 
(*7 — y) i^ the other are obviously the quantities A and B of the earlier part of 
the paper ; and of course 

and 

A — A A— T 

V ~ q ' U ~ '' 

Call the distance between the points (x) and (^) S , then expand the above 



determinant and divide through by V.S. tldu^ ; this gives 



G 



d.VMdu 



V 



8 



Now r^p?- j are the direction-cosines of the normal to <l> at the point (x) , and 

i~^ — -J are the direction-cosines of the straight line joining (x) and (^). De- 
noting by. 6 the angle between the normal and this line (x^) we have 



and consequently 



co8e = ^x^^-^-^' 



«■ Q 

V • n C^i = ^; — 5 

1 o cos P 
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Gr is the volume of the parallelopipedon, h its slant height, and obviously h cos 6 

a 



its altitude ; consequently 

n 

given by the quantity F- 11 dnii 



is the base, or the element of the surface <J) is 



This is the value of dS that has been employed. The proof that I have 
given is similar to one given by Beez in the Math. Ann.; but as I obtained my 
proof before reading Beez's article, and as the two proofs differ considerably in the 
methods of working them out, I let mine stand just as I obtained it. It is 
obvious that for the correspondence between the sphere and the surface <l> 
required in order to find the value of the measure of curvature, it is only neces- 
sary to write 



Ti = 



A 
V 



and so 



dyi ___1_\ TT-.^ _ ^ ^ I 



Consider the determinant B^, i. e. 






dy% dy^ 


dy% 




dui du2 


du„ 


B,= 


dys dya 
dui du2 


dys 

dUn 




dyn+i dyn + i 


dyn + i 



dui 



dih. 



dUn 



Substituting in this the value of each constituent as given by the above 
formula, we find after simple reductions, 



A 



F« 

1 dT' 

2 dui 

1 dV^ 

2 dwg 



dA 
dui 
dA^ 
du^ 



A, 
dAg 
dui 
dA^ 
du^ 



dAn+i 
dui 

dAn + l 

du^ 



1 dV^ dA. 



2 du„ 



du„ 



dAs 
du„. 



dA 



«+i 



dUn 
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n + l 

Now since V^=z%A\, 

1 

J Tr ^ A rl A 



dV _ A dA, .dA, 
dUi dUi dUi 



uAn 



4-X 



"+^ du. 



so multiplying the second column of the determinant by A^ , the third by Ag, etc., 
and subtracting the sum of the products from the first column, we have 

Ai -dg . . . An^i 
dAi dAz dAn+i 

dui dui 



rn + % 



dUn dUn 



dUi 
dAn + 1 

du„ 



By definition of the quantities A^ we have identically 



1 = 



V 



dxi die2 
dui dui 



dxi dx2 
dUn du„. 



dXn + l 

dui 

dUn 



also 



£=» + ! df. 

X ^,1^ = 0, h=l, 2, 3 
i=i rf% 



n\ 



differentiate this and write as above 

d^Xi 



E' = (a ^^ 4" A + . . . ^ 

** V ■^ dUidua * dUidu/i J 



/dAi dxi dA^ dx2 ^^ 
\dUi dujc dUi duic 



) 



Now multiplying together the last two determinants, we find readily for 
the measure of curvature the value 

U 



h = 



Yn + %> 



where Z7is the determinant formed out of the accented letters JEi^ in the same 
manner that V is formed from E,-7, . 
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It. is not necessary to go into the proof that the determinant 



A 


d Ai 


d Ai 


V 


d«i F ■ • 


■ du^ V 


A, 


d J.2 


d A2 


V 


du^ V • ■ 


dUn V 


A„+i 
V 


d An + l 

dui, V ' ' 


d An+l 
• dUn V 





A, 


An + l 



V 



V 



reduces in this case, as in the simple one of w = 2 , to the ratio 

U 

yn + i 

and consequently that this bordered determinant gives the measure of curvature 
for the w-dimensional surface <I> = in J^^.i . 

In seeking the expression for the radii of curvature of the surface <l> =: at 
any point, it will be sufficient to consider the case of ?^ + 1 = 4 . 

Denote by ^i, ^g, ^3, ^4 the coordinates of any point on the normal to ^ = 
at the point a^ , x^, Xs, x^; then 

^, = x,-[-A,:^, i=l, 2, 3, 4. 

Suppose (^) to be the point where this normal meets the consecutive nor- 
mal, then 

dXi + A^dX + :^.dAi = ; 
but 

dxi = af^dui -\- o^^dv^ -|- a'i^du^ , 

and similarly we may write 

dA^ = A^^dui + Af^du>i + A^^dug ; 
consequently 

(<-■}- ^^n c^i + . . .-\-A,d:i=0, i=l, 2, 3, 4. 

Eliminating dti^ , du^ , dug and cZ/l from these we obtain 

<> + X^«, ai'^-\-^Ai'\ a(« + ;i^P, A, 
< + A,^f>, af' + ^Af\ ar-\-^Ar, A, 



af-{-?,A^\ ai^'>-\-7,At\ af + ^Ai'\ 



A, 



= 
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Calling p the radius of curvature, we have f =■% (^^ — Xif 
quently 



^V^ , andconse- 






Substituting this in the previous equations and making one simple reduction, the 
equation becomes 



(»■)«(*) 



^3lF+pS^^M'^ E^Y^^^Afa^i 
Introduce here the accented letters E'.i,, viz 



E^Y^i^tAfaf 
E^Y -Y ^XAii^af 



= 0. 



jki 



in which 



^',, = A^ + Mf + ^3&ir + ^m 
Ui) _ ^ _ ^ 

Oat, 



'^Jk 



Differentiate the identity 



and we obtain 



dujduic dujc 






dUf 






There are in all six equations of this kind; the quantities on the left hand 
side of each of these equations are the coefficients of p in the above cubic equa- 
tion, while the quantities on the right are equal to 

The cubic equation for the determination of p becomes now 

^iip-^iiF, e;,p — e,,y, e;,p-e,,y 
E;i9-Eny, e;,p-e,,y, e;,p-e,,y 

Ml P -^31 y^ -^32 P -^'32^) -2^33 P -E33 1^ 

The equation for the determination of the radii of curvature of O = in 
JC+i is obviously 

Enp-E^Y, e;,p-e,,y . . . e;^p-e,^y 

Y 



= 0. 



E^ip — E^iY, 



Epa P -£"22 Y . 

■E„.,Y. 



■^«2p" 



^L p — ^ni 



E' o — -EL,„. Y 



0, 
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The coefficient of p" in this is U, where as before 



TP = \E' 



'jn\ ) 



Y^ = \E, 



y* » 



P» 



the 



and the constant term is F'*'*"*. Consequently denoting by pi, p^ . 
roots of this equation, we have 

1 _ U 

the value of the measure of curvature. 
The equation 

is the differential equation of all surfaces developable upon the w-dimensional 
sphere. The result of equating the coefficient of p to zero, i. e. 

pi + p2 + . . . + p„ = 
corresponds to a class of surfaces similar to surfaces of minimum area. 

Denoting by ai , a^, ag the direction-cosines of a normal to the surface 
^{xyx^'K^-=. and by /?i, ^^ , /^-g the direction-cosines to the second surface at 
the corresponding point, write 



\i 4 



m 



1) 



^1, 






to ""^ 

dui 
du^ 



m,o = 



Ao 



^3 = 



dux 
djSi 
du2 



da^ 
dui 
doz 
duz 

d^ 
dv^ 

dh 
du2 



dag 
dui 
dag 

du2 
d^ 
dui 

d^ 
du^ 



Then obviously 



«! 

k 



'9. Is 



'— Vk, 



mi m^ m.3 

and, calling ^ the measure of curvature of the second surface, 

1^1 /?. ^3 

Ari Ag Ajg — U Jx. . 

fil (l^ (I3 
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Take now the determinant 







^1 


A 


/?B 












Xi 


'^2 


A3 












^1 


^2 


^3 












dyi 


dyz 


dys 


E' 


F' 






dva 


dux 


dui 


V ' 


V 






dyi 


dy% 


dyz 


F> 


G' 






du^ 


dU2 . 


duz 


V ' 


V 


This is obviously 
















= 


v%. 


UK. 




Substituting for-^^ 


&c. 


,. their 


values 







dy dy dxi _^ dy dx^ dy dx^ 



^^, &c. 



du dxi du cfa?2 du ' dx^ du 
this determinant is readily seen to be equal to the product 



V 



Xi fii i^i 
i«a /?2 
^3 ^3 



X. 



Ag 



















dyi dyi 
dxi dx2 

dyz 
dx% 

dys 
dx2 

"2 

4 



dy^ 

dxi 
dy% 
dxi 

ai 

?i 
mi 



m. 



dyi 
dxz 

dyz 

dxg 
dys 
dxs 
as 

m^ 



This is obviously = V^TITcK, so that no results of any consequence can be 
obtained by bordering the functional determinant 

d (yiyzyB) 









d {xxXs,Xs) 




in this manner. Take the determinant 








dxi 
duz 


dXi 
dux 


dyi 

docx 


dyx 

dxz 


dyx 

dxs 




dX2 
dU2 


dxz 
dux 


dy-i 
dxx 


dy^ 
dx2 


dy^ 

dxs 




dxg 
duz 


dx^ 
dux 


dyz 
dxx 


dys 
dx2 


dys 

dxs 










dxx 
dux 


dx2 
dux 


dxs 
dux 










dxx 
duz 


dxz 
du^ 


dxs 
du^ 
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and multiply tliis by the determinant giving F^, bordered in a suitable manner. 
The product is readily found to give 

dui 
dxz 



^A 



dxi 

dui 

dxi 

duz 
dyi 
dx 



XA 



dx 



^A 



dxg 
dui 

d]h 
dx 



= — F^ j 



A^^A, 



dyi 

dXi 



+ ^^^^*di+^^^^*&^ 



= — F^SASA 



dyk 
dXi 



dy 



Substituting for -^ the value 

dy dui 
dux dx 

and dropping the factor F^, we have 



+ 



dy du-i 
du2 dx 



— A-: 



XA-^XA.^ 

* dXi * dui 



' +XA$^i;A 



dXi 



dyi 
du2 



The first of the factors in this expression is proportional to the cosine of 
the angle between the normals to the surfaces * = and «i = const. The second 
factor is proportional to the cosine of the angle between the normal to <!> = 
and the tangent to the curve rtj = const, traced on the second surface — say ^P = . 
The first factor of the last term is proportional to the cosine of the angle be- 
tween the normals to 4>= and u^ = const, and the last factor is proportional 
to the cosine of the angle between the normal to <E> = and the tangent to the 



curve Wa = const., f = . 



Call these angles di, ^i, %, ^z, and write 



yfdy,\^_ v/%iY-^ ^dy^dy^ 



Xi^)=L, 



^ r^) = 



M', we have then at once 



\dXiJ ' \dx. 

— A= F^ {3:L cos ^1 cos 4»i + DM COB 0^ cos ^a|. 



If the surfaces u = const, intersect <E) = orthogonally, we have cos 0j 
= cos 0g = and so A = . If cos ^i = cos 4)2 = , all the normals to the sur- 
face <E> = will be parallel to the normals at the corresponding points of * = 0. 



Vot. IV. 
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The determinant 



d{yiy%. . . Vn+i) 



bordered as above will lead to a similar result, viz. 

— A = y^XSi Li cos Qi cos q>i . 
Denote by scyz a point on the first surface, then 






X 

dx 

du 

dx 

dv 



y 

dy 
du 
dy 
dv 



z 

dz 
du 
dz 
dv 



= COS , 



B denoting the angle between the radius vector from the origin to (ccv/a) and the 
normal, and v = \/ x^ -\- y^ -]- z^. Denote by p and -4' the corresponding radius 
vector and angle on the second surface, then 



P 



d$ 
du 
d^ 
dv 



d/j 
du 
dv) 
dv 



dz 
du 
d^ 

dv 



= cos ■i^ , 



Multiply together the two determinants 







dx 
dq 
dx 

dx 
a 



d$_ 

dy 

drj 

dy 
dz 

dy 

h 



dg 

'dT 

drj 

dz 

dz 



1 

















dx 
du 


dy 
du 


dz 
du 


dx 


dy 


dz 


dv 


dv 


dv 


X 


y 


z 



a, h, c being the direction-cosines of the normal to the first surface at {xyz). 
The product pf tliese two is readily found to be 

{ yi ^ 

d$ drj dz 

■■V cos du du ~dM 

dg drj dZ 

dv dv dv 



V cos 6 . p cos "j^ 
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therefore 



cos '4' = ^ — 
P 



d$ 
dx 
d/j 
dx 
dz 
dx 
a 










dy 
d/j 
dy 
d^ 
dy 
h 



Ih 
drj 
dz 

dz 
G 



The ratio between the corresponding elements of area on two corresponding 
surfaces {xyz) , (f >7^) has been shown to be = 



a 

7 




d^ 
dx 
drj 
dx 
dz 
dx 
a 



d? 
dy 
drj 
dy 
dz 
dy 
h 



d$ 

dz 
drj 

dz 
dz 
dz 



U_ 
V 



This can be given in a different form in the case when the surfaces 

^ = F, {xyz) 

7l=Filxyz) 

^ = F,{xyz) 
are orthogonal. The coordinates of a point on the second surface may be con- 
sidered as given by the intersection of the three surfaces 

Fi = const., F^ = const., . F3 = const. 

The conditions for orthogonality of these surfaces are, writing ^, 77, ^ in- 
stead of Fi, F^, Fs, 

Find the product of the last given determinant and the functional deter- 
minant 

d(?vZ) 
d (xyz) 

bordered by 1 , , , for its first row and by the same for its first column. 



d$ 

dx 

drj 

dx 

dz_ 

dx 



drj 

dx 

dz_ 

dx 

dS^ 

dx 



+ f 


drj dM 


drj 


= 


^ dy 


dy dz 


dz 




'^ dy 


dZ dq 
dy dz 


dZ 
dz 


= 


^dz 
^ dy 


d^ dz 

dy dz 


di 

dz 


= 



ai6 
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Write 






(1T+ (f ) + (1) = ^^ 

(i|y+ ri^Y4- ^i^Y= 



We have, then, for the required product 



a /?• 9/ 

H^ H cos Oi 

IP ^ ^ cos 0a 

Q Z^ Z cos 03 

where O^ , B^^ ^3 ^I'^s the angles which the normal to the original surface makes 
with the normals to the surfaces ^ , >? , ^ at their common point of intersection. 
Expanding this we have 

UHZ { HZa cos Q^ + ZB(S cos 6^ + BHy cos $3 } , 

and consequently 



V 



or 



— HHZ 

= d{^r,c) \ HZa cos Oi + ZB^ cos 0^ + SS/ cos O3 1 

;::::! ] a cos 8^ ^ cos ^3 ;' cos ^3 

d (xyz) ' 

If we denote for the moment by 

«! /^i r? 

0^2 /?2 ra 

«3 /?8 73 

the direction-cosines of the normals to the surfaces ^ , >? , ^ respectively, we 
have 

tti /3i 71 

a2 ^2 n = »^^ ; 

as i^3 73 



^&l=z^HZ 
d\xyz) "-' 
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and consequently 

dS U ^ „^ ( « cos ^1 ^ cos ^2 X cos ^3 ) 

Of course a similar formula applies for a surface of n dimensions in M^j^^- 
I will now work out a few simple properties of curves in a space of more 
than three dimensions. The results obtained are (with one exception which is 
referred to below) I believe new. For simplicity, at first consider only a space 
of four dimensions — M^ . A curve in J^ in the ordinary acceptation of that term 
will depend only on one parameter — it may either be given by the values of its 
coordinates expressed as functions of this parameter, or as the intersection of three 
3-dimensional surfaces, say 

^1=0, <D8=0, <l>3=0. 

Let u denote the parameter. First obtain the equation of the osculating 
flat space of three dimensions at any point of the curve. Four points on the 
curve will determine the osculating 3-flat. . Take then four points on the curve, 
say A, B , C , D. The coordinates are 

O D 

xj_ + 2Aa-i + A^xi xi + SAx^ + SA^tCj + A% 

x^ + 2Aa:2 + ^x^ x^ + SAccg + SA^cr^ + A^a;^ 

jcg + 2Aar3 + A^ajg ccg + 3Axg + SA^asg + A^tCg 

a-4 + 2Ax4 + ^x^ Xi + 3A£C4 + ^A^x^ + A^a;4 

Now if (^1, ^2) ^3) ^4) is any point in the 3-flat passing through (a;), its equation 
is 

«i (?i — a^i) + «8 (^2 — a-a) + «3 (^3 — ^3) + «-4 (^4 — 0:4) = . 

Substitute for (^) the coordinates of B and we have 

ajAxi + ciiAx^ -\- a3 Axg + a^Axi = . 

In like manner substituting the coordinates of G and D in the place of (^) , 
and using this last result to reduce the result of substituting the coordinates 
of (7, and similarly reducing in the case of the point D, we have 

SaA^cc = SaA^a;=0. 
Eliminating (a) from the four equations, 

2a(^ — a;) = XaAx=0 
XaA^x = (i XaA^x=0, 



A 


B 


Xi 


Xi + Axi 


x^ 


Xi + Aara 


Xs 


a^g + AXg 


Xi 


a;4 + Aa?4 
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passing to the limit and dividing through by du^, we have as the equation of 
the osculating 3-flat at the point (x) of the curve <l> 



= 



Xi 


^2 — a:-2 


^t 


— a*3 


^4 


— Xi 


dxi 


dX2 




dxs 




dxi 


du 


du 




du 




du 


d^Xi 


cPxg 




d^x. 




(?«4 


dw" 


du^ 




du'' 




du" 


d?x^ 


d^x^ 




d^x. 




d?Xi 


dvP 


dv? 




du^ 




du^ 



Of course in exactly the same manner we obtain 

§1 Xi , ^2 "^Z .... ^„ X,^ 

dxi 
du 



dx. 



xAtX/f] 



du 



du 



d"—'^Xi d"- x^ 



dW^- 



du^-^ 



d" -^Xn 
duF-^ 







as the osculating (n — l)-flat to a curve in M^. In a similar manner we obtain 
for the equations of the osculating 2-flat (*. e. osculating plane) to the point (x) 
on the curve <l> in J^ 



^1 a^i 


^2 x% 


^3— 3^3 


L ^i 


dxi 


dX2 


dxs 


dXi 


du 


du 


du 


du 


dPxi 


d^x^ 


(Pxs 


dPx, 


dw" 


du^ 


du" 


du^ 







And generally for the osculating 7^-flat to a curve in 3£^ we find without difficulty 

§1 ^1 ^2 !^2 • • • • <5» '^n 

dxi dx^ dxn 

du du ' ' ' ' du 

= 0. 



d^Xi 
du" 



d*a-2 



a Xn 



dv^ .... ^^ 
The equations of the tangent to the curve <I» at the point {x) are of course 



du 



dx^ 
du 



dxs 
du 



dXi 
du 



0. 
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The direction-cosines of the perpendicular to the osculating 3-flat are 







dx2 dx^ dxi 
du du du 




«!, ^1, 7 


1 

1) VU Q 


d^x^ (Pxs d^Xi 
du^ du^ du^ 
d*X2 d^Xs d^Xi 
du* du* du* 


, &c. 


where of course 








^ ^ dx \^^ ^ dx cPx 
\du J '^ du du^ 


^ dx d?x 

du du* 


Q = 


^ dx <Px ^/d^x\^ 
du du^ ' "^ V du^J 


dPx d^x 
^ dw» du* 




^ dx d^x 
du du^ 


^ d?x d^x 

^ du^ du* ' 


<^y 



Suppose we make s the independent variable, then 



^ / dx 
^\d> 



and 



_ dx d^x 1 ^^ / dx \^ 






ds d^ 2 
dx <Fx 



0, 



d'x ,„ / dx y ,„ / dx y 

■^'dl~d?~~2'^^\' 



■(Fx\^ 



Therefore 



Q = 



1 






^/d?x\^ 

^Vd^J' 



-.( 



~d^J 



1 .^f<^xy 



^/d?xy 1 ,„/(Pa;\» V 



/d*xy 

(- 







=sr^Ysi'^Y 



■ d^x \\ 
\~d?J ^\di yl 



^Kda'J' 



It would not be difficult to find the radius of curvature of the curve at any 
point by introducing the osculating 3 -dimensional sphere and finding its inter- 
section with the osculating 3-flat giving an osculating 2-dimensional sphere. It 
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is not worth while doing this however, as the reductions are rather long, and as 
the same thing has been done, in a different manner, by G. E. A. Brunei in Vol. 
XIX (page 42) of the Mathematisclie Annalen. M. Brunei's formula is, changing 
his notation slightly, 

Ji_ — J:_ Np + iNp^i 

where 



Np = 



the accents denoting differential coefficients with respect to s. 



xi a-g . . 

• y* ^^ 




1 on * 





